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Compared with the conventional quantum state tomography (QST), the direct state to-
mography (DST) using weak value is easily manipulated in experiments. However, the effi-
ciency of the DST is lower than that of the conventional QST, especially for high-dimensional
systems. For a pure state, the DST is revised to improve the efficiency. In the revised DST,
the real or imaginary parts of the weak values can be obtained by measuring only one system
observable. We constructed a hybrid DST by combining the original DST and the revised
DST. By using the appropriate measurement strength, the efficiency of the hybrid DST is
significantly larger than that of the conventional QST, especially for high-dimensional sys-
tems. The state reconstruction strategy investigated in this paper may be useful in actual
experiments.
I. INTRODUCTION
The unknown quantum state can not be perfectly
cloned and determined by measuring only one quantum
system [1]. In quantum information theory, quantum
state tomography (QST) which is used to reconstruct
the unknown state by measuring the identical quantum
systems is an important topic [2–18]. In the conventional
QST, it requires the measurements of a complete set of
noncommutative observables, which are difficult to be re-
alized perfectly in actual experiments, especially for high-
dimensional systems.
A direct state tomography (DST) is proposed by using
the concept of weak value in weak measurements [19–28].
In DST, the elements of the unknown density matrix can
be directly reconstructed by the results of the weak val-
ues, which can be achieved just by measuring two observ-
ables of the measuring devices. DST is much more easily
realized compared to the conventional QST, which has
attracted much attention, especially, in the reconstruct-
ing the high-dimensional unknown quantum states. By
using the method of DST, one-million-dimensional and
19200-dimensional state reconstructions have been real-
ized [29, 30].
In DST, for a d-dimensional quantum system, only 1/d
elements of the real (or imaginary) part of the density
matrix can be obtained in each measurement. To accom-
plis N times measurements, the number of the unknown
quantum systems we needed is 2dN . This is the reason
why DST is less efficient than the conventional QST [31–
37]. Could we revise the DST to make its efficiency higher
than that of the conventional QST?
In this paper, we proposed a revised DST in which we
could obtain the real (imaginary) part of the weak value
∗Electronic address: zhuxuanmin2006@163.com
by measuring only one observable for a pure unknown
state. In the revised DST, we can accomplish N times
measurements by using only 2N identical quantum sys-
tems, which is independent on the dimension of the sys-
tem. The efficiency of the revised DST is significantly
improved for some states, but the revised DST is useless
for other states. To overcome the useless, we construct a
hybrid DST by combining the original DST and revised
DST. By the Monte Carlo simulations, we will show that
the efficiency of the hybrid DST is significantly higher
than that of the conventional QST.
This paper is organized as follows. We reviewed the
original DST in Sec. II, and proposed a revised DST in
Sec. III. In Sec. IV, we constructed the hybrid DST, and
compared the efficiency of the hybrid DST with that of
the convention QST in Sec. V. A short conclusion is given
in Sec. VI.
II. DIRECT STATE TOMOGRAPHY
In this section, we simply review the original DST
which is based on the weak measurement theory. It must
be pointed out that the original DST in this article is the
one named MDST (modified direct state tomography) in
Ref. [36]. The procedure of the original DST is as fol-
lows. First, we perform a measurement on the unknown
system ρs with some fixed measurement strength. The
observable being measured of the system is one of a set of
basis projectors {An = |an〉〈an|}. Second, we implement
a strong projective measurement on the system along an-
other basis {|ψj〉} and record the shifts of the measuring
device and the obtained final system states, a procedure
usually called postselection. Third, from the readings of
the measuring device we can obtain the weak value Wnj
which is defined as [26]
Wnj =
〈ψj |an〉〈an|ρs|ψj〉
Pj
, (II.1)
2where Pj is the probability of obtaining the final state
|ψj〉. From Eq. (II.1), we have
〈an|ρs|am〉 =
∑
j
Pj
〈ψj |am〉
〈ψj |an〉Wnj . (II.2)
We can see that the matrix elements {ρnm} of the un-
known state ρs can be reconstructed by using the values
of the weak values {Wnj}. Thus, the key point for the
DST is the measurement of the weak values.
In DST, independent of the dimension of the measured
quantum system, the measuring device can be a pure
two-dimensional system. Without loss of generality, the
initial state of the measuring device could be denoted as
ρd = |0〉d〈0|, (II.3)
where |0〉d is the eigenstate of σz with the eigenvalue 1.
In DST, if the measured observable the system is An =
|an〉〈an|, the impulse interaction Hamiltonian between
the system and measuring device can be described as
Hn = gδ(t− t0)An ⊗ σx, (II.4)
where g is the coupling strength. The combine state of
the system and measuring device evolves through the uni-
tary transformation Un = e
−ig|an〉〈an|⊗σx , with ~ = 1 in
this paper. Conditioned on obtaining the final state |ψj〉,
the final measuring device state is
ρnjd =
〈ψj |Unρs ⊗ ρdU †n|ψj〉
Pj
, (II.5)
where ρd = |Φ〉〈Φ| is the initial pointer state, and Pj
is the probability of obtaining |ψj〉. When the coupling
strength is weak g → 0, ignoring the terms O(g2), we
have a approximate state
ρnjd ≈ ρ˜njd =
〈ψj |ρs|ψj〉
Pj
ρd−ig
(
Wnj |1〉d〈0| −W ∗nj |0〉d〈1|
)
,
(II.6)
where ρ˜njd is used to distinguish the exact state ρ
nj
d . The
weak value can be obtained by the expectation values
of σy and σx under the approximate pointer state ρ˜
nj
d ,
which can be described by the formula
Wnj =
1
2g
[
−Tr(ρ˜njd σy) + iTr(ρ˜njd σx)
]
. (II.7)
The above equation is approximately valid when the cou-
pling strength is weak. Thus, the efficiency of the DST
based Eq. (II.7) is low, and there is a system error in the
DST as shown in Refs. [31, 36].
In order to overcome these two drawbacks, we can
use the coupling-deformed pointer observables to mea-
sure the weak values without approximation as proposed
in Refs. [32–37]. The corresponding operators which are
dependent on the coupling strength g of σy and σx are
σ′y(g) =
g
sin g
[
σy − tan
(g
2
)
(I − σz)
]
,
σ′x(g) =
g
sin g
σx.
(II.8)
Instead of Eq. (II.7), we can obtain the exact weak val-
ues by measuring the above two operators without any
approximation from the formula
Wnj =
1
2g
[
−Tr(ρnjd σ′y) + iTr(ρnjd σ′x)
]
. (II.9)
Substituting Eq. (II.9) into Eq. (II.2), we have
〈an|ρs|am〉 = 1
2g
∑
j
Pj
〈ψj |am〉
〈ψj |an〉
[
−Tr(ρnjd σ′y) + iTr(ρnjd σ′x)
]
.
(II.10)
Therefore, the elements of an unknown density matrix ρs
can be reconstructed directly by the expectation values
of σ′y and σ
′
x under the exact state ρ
nj
d . In the strategy
described by Eq. (II.10), there is no system error in the
reconstructed state. For convenience, the bases {|an〉}
and {|ψj〉} are always chosen as the mutually unbiased
bases (MUBs) [38], which satisfy 〈ψj |an〉 = e2pijni/d/
√
d.
Eq. (II.10) is valid for arbitrary coupling strength. We
can improve the efficiency of the DST by choosing the op-
timal coupling strength. As shown in Ref. [36, 37], the
efficiency of the DST is improved significantly. However,
the improved efficiency of the DST is still lower than that
of the conventional QST, especially for high-dimensional
quantum systems [36, 37]. In Eq. (II.10), it can be seen
that we can obtain only one column of the real or imag-
inary part of the density matrix for once measurement.
Thus, we need 2dN identical unknown systems to accom-
plish N times measurements for d-dimensional system.
This is the reason why the efficiency of the DST is low.
Could we overcome this defect to improve the efficiency?
In next section, we will propose a strategy in which N
times measurements could be accomplished by using 2N
identical unknown systems for pure state.
III. REVISED DIRECT STATE TOMOGRAPHY
In this section, in order to improve the efficiency, we
will revise the direct state measurement strategy for pure
state. If the unknown state is a pure ρs = |φs〉〈φs|, from
Eq. (II.1), we have
〈ψj |φs〉 =
(
PjWnj
〈ψj |an〉〈an|φs〉
)∗
. (III.1)
The unknown state could be rewritten by
|φs〉 = 1〈φs|an〉
∑
j
(
PjWnj
〈ψj |an〉
)∗
|ψj〉, (III.2)
where PjWnj could be obtained by measuring only one
operator A = |an〉〈an| as shown in Eq. (II.9). The states
{|an〉} and {|ψj〉} are always chosen as mutually unbi-
ased [38], which satisfy |〈ψj |an〉| = 1/
√
d for each pair of
(n, j). The unknown common factor 1/〈φs|an〉 could be
3removed by normalization. The unknown density matrix
could be reconstructed by
|φs〉〈φs| = 1|〈φs|an〉|2
∑
jk
(
PjWnj
〈ψj |an〉
)∗
PkWnk
〈ψk|an〉 |ψj〉〈ψk|.
(III.3)
From Eq. (III.3), we can see that the unknown pure state
could be reconstructed by measuring only one operator
|an〉〈an|, which is independent of the dimension of the
system. In order to distinguish the original DST, we
use ”revised DST” denotes this strategy based on Eq.
(III.3). In the revised DST, we can accomplish N times
measurements using only 2N identical systems.
In order to gauge the efficiency of the tomography, we
use the mean-square error (MSE) to measure the discrep-
ancy between the true state ρ and the reconstructed state
ρr [14–16], and the MSE is defined as
E(ρ) ≡ E(‖ρˆ− ρ‖2HS),
=
1
N0
[
tr
(
E(ρˆ†ρˆ)
)− tr(ρ2)] , (III.4)
where ρˆ is the estimator and N0 is the number of the
copies. In DST, when the number of the copies is large,
the MSE could be calculated approximately by
E(ρ) ≈ tr(ρ†rρr)− tr(ρ2). (III.5)
The less MSE means the higher efficiency. We find that
the MSE of the revised DST is dependent on the input
state.
For two-dimensional systems, we perform the Monte
Carlo simulations to show the dependence. In the
simulations, the postselected states is {1/√2(|0〉 +
|1〉), 1/√2(|0〉 − |1〉)}. The unknown state is denoted by
|φs〉 = cos(θ/2)|0〉 + sin(θ/2)|1〉. In order to eliminate
the influence of the statistical fluctuations, we average
the values of MSEs over 104 repeated simulations.
The simulation results have been presented in Fig. 1.
The MSE of the revised DST is dependent on the un-
known state as shown in Fig. 1. We can also see that the
efficiency is high when 〈φs|A|φs〉 → 1/d; while the to-
mography strategy is useless when 〈φs|A|φs〉 → 0. The
useless and low efficiency for some states makes the re-
vised DST impractical. In the next section, we will pro-
pose a new strategy to overcome the defect of the revised
DST.
IV. HYBRID DIRECT STATE TOMOGRAPHY
In this section, to eliminate the useless and the low
efficiency of the revised DST for some unknown states,
a hybrid DST is constructed by combining the original
DST and the revised DST. In the hybrid DST, the mea-
surements are divided two steps. The total N unknown
systems are divided into two parts, the number of one
part is N1, and the number of the other part is N2. In
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FIG. 1: (Color online) The values of MSEs are simulated for
different unknown pure states, which are averaged over 104
repeated reconstructions of the revised DST. As the input un-
known states is expressed as |φs〉 = cos(θ/2)|0〉+ sin(θ/2)|1〉,
the value of MSE is large when 〈φs|A|φs〉 → 0, the MSEs at-
tain the small values when 〈φs|A|φs〉 → 1/d. The number of
the unknown quantum systems is 100, and the measurement
strength is g = 1.2.
the first step, we reconstruct a estimated pure state |φe〉0
by implementing the original DST on the N1 systems. In
the second step, based on the results of the first step,
we reconstruct a pure state |φr〉 by operating the revised
DST on the N2 systems. Based on the results of the two
steps, we could reconstruct a final estimated state |φf 〉
with high efficiency for all unknown states.
In the first step, for the N1 unknown systems, by
choosing an appropriate measurement strength g1, we
could obtain a estimated state ρe by using the original
DST [32, 36]. From Eq. (II.2), the nth row of the state
is constructed by measuring the observable |n〉〈n|. Thus,
the obtained ρe is not hermite. To improve the efficiency,
we could optimize the estimated state by
ρ′e =
ρe + ρ
†
e
tr(ρe + ρ
†
e)
. (IV.1)
However, the state ρ′e is not a pure state. From the
result ρ′e, we could construct a final pure state by
|φe〉 =
∑
m
(∑
n
〈am|ρ′e|an〉
〈an|ρ′e|an〉
〈a1|ρ′e|an〉
)
|am〉, (IV.2)
where the coefficient 1/〈a1|ρ′e|an〉 is used to ensure a uni-
form common phase. Because the efficiency is very low
when 〈an|φs〉〈φs|an〉 → 0, as shown in Fig. 1. The
weight factor 〈an|ρ′e|an〉 in Eq. (IV.2) is used to im-
prove the efficiency. The state |φe〉 is not normalized, we
could obtain a pure normalized state by the normaliza-
tion |φe〉0 = |φe〉/
√
〈φe|φe〉.
From the results of Fig. 1, the efficiency of the revised
DST is high when the measurement operator A satisfies
40 1 2 3 4 5 6
1.1
1.2
1.3
1.4
M
SE
10-4
FIG. 2: (Color online) The values of the MSEs are pictured
for different unknown states in hybrid DST. All the MSEs
have been averaged over 104 repeated simulations. The total
number of the quantum systems is N = 2× 104, the number
of the systems used in the original DST is N1 = 4 × 10
3,
and the number of the systems used in the revised DST is
N2 = 1.6 × 10
4. The coupling strengths of the original and
the revised DST are g1 = 1.2 and g2 = 0.4 respectively.
〈φs|A|φs〉 → 1/d. Thus, we should search an operator A
that satisfies 〈φs|A|φs〉 → 1/d to improve the efficiency
of the revised DST. Based on obtained the estimated
pure state |φe〉0, we could construct a orthogonal basis
{|φe〉0, |φe〉1, ..., |φe〉d−1} by using Gram-Schmidt proce-
dure. As |φe〉0 is the estimated state of the true state
|φs〉, we can construct the state
|a〉 = 1√
d
d−1∑
m=0
|φe〉i, (IV.3)
which satisfies 〈φs|a〉〈a|φs〉 → 1/d.
In the second step, for the other N2 unknown systems,
by choosing an appropriate measurement strength g2 and
implementing measurement of the observable A = |a〉〈a|
given by Eq. (IV.3), we could use the revised DST strat-
egy to reconstruct an estimated state |φr〉 with high effi-
ciency from Eq. (III.2).
The mean square errors (MSEs) of the first step and
the second step could be calculated by Monte Carlo sim-
ulations, which are denoted by E1 and E2 respectively.
From the results of the two steps, we could reconstruct
the final estimated pure state by
|φ′f 〉 =
|φe〉0
E1 +
|φr〉
E2 , (IV.4)
where |φ′f 〉 is not a normalized state. Thus, the state
|φf 〉 = |φ′f 〉/
√
〈φ′f |φ′f 〉 is our final estimated state in the
hybrid DST.
To show the useful and high efficiency for all unknown
pure states, we perform the Monte Carlo simulations of
the hybrid DST. In the simulations, the unknown state
is denoted by |φs〉 = cos(θ/2)|0〉+ sin(θ/2)|1〉. The total
number of the unknown quantum systems is N = 2×104,
the number of the systems for the first step is N1 =
4 × 103, and the number N2 = 1.6 × 104. The coupling
strength of the original DST is g1 = 1.2, and the coupling
strength of the revised DST is g2 = 0.4. The MSEs
of the different input states have been pictured in Fig.
2. We can see that the hybrid DST is useful with high
efficiency for all unknown states. In the next section, we
will compare the efficiencies of the hybrid DST and the
conventional QST.
V. COMPARISON
In this section, we calculate the MSE of the hybrid
DST and present the comparison between the hybrid
DST and the conventional QST. One of the best known
conventional QST strategies is SU(2) tomography which
is based on the best known optical homodyne tomogra-
phy [2–5, 8]. SU(2) tomography is valid for arbitrary di-
mensional systems. However, in SU(2) tomography, the
measurement operators must be chosen as all the bases
in Haars invariant measure, which is difficulty to be re-
alized.
Besides the SU(2) tomography, there are two well-
established state estimation strategies. One is composed
of the measurements on a complete sets (d + 1 sets
for d-dimensional systems) of mutually unbiased bases
(MUBs) [39, 40], which is denoted as MUB tomography
here. The other is composed of symmetric information-
ally complete (SIC) measurements [14–16], we denote it
as SIC tomography.
The scaled MSE is a good measure of the efficiency,
which is defined by
Es(ρ) = NE , (V.1)
whereN is the number of the unknown quantum systems.
For pure d-dimensional unknown states, the scaled
MSE achievable of the MUB tomography is [14, 16, 40]
Es(ρ) = d2 − 1. (V.2)
For pure unknown states, the scaled MSE for optimal
SIC tomography is [14–16]
Es(ρ) = d2 + d− 2. (V.3)
We use the Monte Carlo simulations to calculate the
scaled MSEs of the SU(2) tomography and the hybrid
DST. In hybrid DST, we use 104d identical unknown sys-
tems to calculate the scaled MSE for the d-dimensional
systems. First, we perform the original DST on the
2 × 103d systems to obtain a estimated pure state |φe〉0
given by Eq. (IV.2). Second, based on the obtained |φe〉0,
using the revised QST strategy, we reconstruct the esti-
mated state |φr〉 from the results of the measurements
on the 8× 103d systems. Finally, the final reconstructed
state |φf 〉 could be derived by Eq. (IV.4). In the sim-
ulations of the original DST, the coupling strengths of
5the different dimensions are all equal g1 = 1.2. And the
coupling strengths g2 of the revised DST are listed in the
table 1 for different dimensions.
d = 2, 3 d = 4, 5, 6, 7, 8 d = 9 d = 10, 11, 12 d = 13, 14, 15
g2 = 0.4 g2 = 0.6 g2 = 0.7 g2 = 0.8 g2 = 0.9
TABLE I: The coupling strengths g2 for different dimensions
in the revised DST.
2 4 6 8 10 12 14
Dimension
0
100
200
300
400
Sc
al
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SE
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SIC Tomo.
SU(2) Tomo.
FIG. 3: (Color online) The values of the scaled MSEs are pic-
tured for different tomography strategies. All the MSEs of
the hybrid DST and SU(2) tomography have been averaged
over 103 different randomly selected unknown states. Circles
represent the hybrid DST, stars represent the MUB tomog-
raphy, squares represent the SIC tomography, and triangles
represent the SU(2) tomography.
All the values of the scaled MSEs for different tomogra-
phy strategies are pictured in Fig. 3. We can see that the
efficiency of the hybrid DST is significantly higher than
that of the conventional QST for pure states, especially
for the high-dimensional quantum systems. For exam-
ple, for the 15-dimensional systems, the obtained scaled
MSE of the hybrid DST is about 61, while the scaled
MSE of the SIC tomography is 238. On the other hand
side, the hybrid DST is more easily realized in actually
experiments. Thus, the hybrid DST may be much more
useful in the realization of state tomography.
VI. CONCLUSION
We have revised the direct state tomography for pure
state. In the revised DST, N times measurements can be
accomplished by using only 2N identical unknown sys-
tems, which is independent on the dimension of the sys-
tems. Based on the original DST and the revised DST,
we construct the hybrid DST. In the hybrid DST, the
efficiency is improved and significantly higher than that
of the conventional QST. DST is much easier to be im-
plemented in actual experiments. Thus the hybrid DST
may be useful in reconstructing unknown pure quantum
states.
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